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We propose a model for inflation consisting of an axionic scalar fleld coupled to a set of three 
non-Abelian gauge fields. Our model's novel requirement is that the gauge fields begin infiation with 
a rotationally invariant vacuum expectation value (VEV) that is preserved through identification 
of SU(2) gauge invariance with rotations in three dimensions. The gauge VEV interacts with the 
background value of the axion, leading to an attractor solution that exhibits slow roll inflation even 
when the axion decay constant has a natural value (< Mpi). Assuming a sinusoidal potential for the 
axion, we find that inflation continues until the axionic potential vanishes. The speed at which the 
axion moves along its potential is modulated by its interactions with the gauge VEV, rather than 
being determined by the slope of its potential. For sub-Plankian axion decay constants vanishingly 
small tensor to scalar ratios are predicted, a direct consequence of the Lyth bound. Of the four 
free parameters in our theory, only one appears tuned: The parameter that controls the interaction 
strength between the axion and the gauge flelds must be 0(100). 



The success of the inflationary paradigm is mani- 
fest. Observations, preeminently of the cosmic microwave 
background radiation, have confirmed that our Universe 
is approximately spatially flat and have provided com- 
pelling evidence that structure formation was initiated 
with nearly scale invariant curvature fluctuations over 
the entire range of observable scales. The data suggest 
that these fluctuations are Gaussian and are red-tilted, 
in perfect concord with the simplest models of inflation. 

Despite these successes, many physicists believe that 
the simplest models of inflation are, on their own, inad- 
equate. This is because successful models rely on scalar 
flelds whose potentials are tuned to extraordinary flatness 
to achieve sufficient inflation. This tuning is not gener- 
ically protected from quantum corrections. Of course, 
many models of inflation now exist that utilize a vari- 
ety of methods to alleviate this difficulty. Among these 
methods a particularly natural possibility is protection 
by a shift symmetry, as we find in axions. Natural Infla- 
tion was the first model to make use of the axionic shift 
symmetry in this context Natural inflation is obser- 
vationally viable, but matching observations requires a 
large axion decay constant, / ^ Afpi 0]. Such a large 
decay constant appears to be difficult to realize in string 
theory The discovery of viable axionic infiationary 
models that do not need supcr-Planckian decay constants 
(e.g., 0-0) has led to a renaissance of interest in axionic 
inflation. This has proved to be a fertile approach. 

In this letter, we propose a new method for inflating 
with an axion that has a sub-Planckian decay constant. 
Our model's new ingredient is a collection of non-Abelian 
gauge fields with a vacuum expectation value (VEV). 
Since every SU(N) group has an SU(2) subgroup, SU(N) 
gauge fields can always be given a VEV that is rotation- 
ally invariant by identifying the SU(2) subgroup's gauge 
invariance with the rotational symmetry of space (for 
more details, see 0, S| and references therein) Q- While 



our proposal does not rely on the specific gauge group, 
we work with SU(2) gauge fields for concreteness. 

Our goal is to see whether we can use this non-trivial 
gauge VEV to fiatten a scalar field potential that would 
otherwise be too steep to support sufficient slow roll in- 
flation. In particular, wc have in mind the sub-Planckian 
decay constant regime of Natural Inflation To this 
end, we consider the usual action for an axion interacting 
with a set of three non-Abelian gauge flelds. 
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where we work in natural units (h = c = Mpi = 1), 
Greek letters denote spacetime indices while Roman let- 
ters from the start of the alphabet denote gauge indices, 
and Roman letters from the middle of the alphabet de- 
note spatial indices. In this expression, the fleld X is an 
axion which we take to be in a homogeneous configura- 
tion, X = X{t). Note that although we have written the 
standard cosine potential for the axion, which arises due 
to non-perturbative effects from the interaction of the 
axion with some other gauge sector, nothing about our 
mechanism relies on the potential possessing this form. 
As we mentioned before, we assume an initial gauge field 
configuration described by a rotationally invariant, clas- 
sical VEV 

^" = 0, At = mam- (2) 
In this case the field strength tensor has components, 

Fo. = dtim aitM, Ft^ = -~gft,im (3) 

where the are the structure functions of SU(2), an 
overdot denotes a derivative with respect to cosmic time, 
and g is the gauge coupling (not to be confused with the 
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determinant of the spacetime metric g). In terms of this 
field configuration, the reduced action for these degrees 
of freedom is. 
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from which the equation of motion for the axion is, 

X + 3HX - ^ sin (^j^ = - Sgji,^ + iJ^-) , (5) 

and the equation of motion for the gauge field is 

+ 3Hi' + {H + 2H'^)i:+2fi'^ = 9j^^X. (6) 

The stress energy tensor takes the perfect fluid form with 
density and pressure 
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The gauge field has the equation of state of radiation, 
p = p/3, and thus cannot alone source the inflationary 
expansion, while the gauge field-axion interaction term 
does not contribute to either the energy density or pres- 
sure. The system thus inflates if the energy density is 
dominated by axion potential. In the absence of the 
gauge fields, the model reduces to Natural inflation; in 
the absence of the coupling to the axion, the gauge VEV 
decays within a Hubble time. The key new ingredient in 
our scenario is that, when the gauge field is turned on 
in the homogeneous configuration described above, the 
equation of motion for the axion - Eqn. ([5]) - gains a 
new term on the right hand side. As we will see, this 
provides an additional lever with which we can make the 
axion's effective potential flat and achieve slow roll infla- 
tion away from the hilltop for sub-Planckian axion decay 
constants, / < Mpi 

To solve the zeroth order cosmological problems, the 
inflationary epoch needs to last for roughly 60 Hubble 
times. The simplest way of achieving this is to let the 
axion slowly roll down its potential. Thus, we look for 
slow roll solutions of Eqns. ([5]) and (|6]), where X fa 
and consequently X <^ H. To achieve slow roll in a 
region away from the hilltop (assuming / < i\/pi), the 
slope of the axion potential needs to nearly cancel against 
the back reaction of the gauge VEV. In order that this 
condition remain fulflUed during the slow roll epoch the 
gauge flcld must also be varying slowly, ip and tp ^ 
H. This implies that slow roll inflation will occur when 



Remarkably, this condition is dynamically enforced by 
the equations of motion when the system undergoes slow 
roll. To see why this is true, we can work in the slow roll 
limit and drop the variation of the Hubble rate, H, then 
substitute Eqn. ([5|) into Eqn. ^ to flnd 
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Note that if the parameters are chosen so that ipH^ <C 
g^X'^ip^, then 
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/sin(A'//) H 
3gX ip^' 



(9) 



The choice of parameters that leads to this solution 
amounts to choosing the combination A// to be large, 
since the inflationary solution requires g'^ip'^ ^ /i^ ^ H^. 
Assuming we are in the overdamped regime, the right 
hand side of Eqn. (jO]) can be interpreted as the slope of 
an effective potential for the gauge field. 



^eff(^) 



H 



2 3gX ip ' 



(10) 



and thus the slowly rolling configuration is stable; the 
condition in Eqn. ^ corresponds to the minimum of this 
effective potential. The minimum varies slowly with the 
rolling of the axion and dynamically maintains the con- 
dition in Eqn. We note for use later that the mass 
of fiuctuations about this minimum are ~ 3H^. 

Slow rolling inflation commences when the gauge VEV 
ip has settled into this minimum, since this generates a 
flat effective potential for the axion. We can see this 
explicitly by setting -0 = and replacing "0 with its value 
at the minimum of its effective potential in the equation 
of motion for the axion. This gives an expression for the 
effective force governing the motion of X in terms of X 
alone. Working with efolding number, dN = Hdt, rather 
than time, we flnd 
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where here and throughout, a prime (') denotes a deriva- 
tive with respect to N . We can see from this equation 
that the axion's dynamics are not being dictated by the 
interplay of the gradient of the axion's bare potential 
and Hubble damping; instead, the axion is evolving quite 
slowly on a shallow effective potential generated by its 
interaction with the gauge VEV. We note also in pass- 
ing that X' (X 1/ sin"'^^'^(A'//), which diverges mildly as 
A" — > 0. This is indicative of the fact that the gauge field 
provides a force on the axion even when = 0, implying 
that inflation cannot continue indeflnitely at the hilltop 
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even classically when the gauge VEV is present. This for- 
mula can be inverted to find an expression for the number 
of efoldings over which inflation proceeds. Assume infla- 
tion begins at X^', inflation will end at X/f = x = n. 
Taking H to be dominated by the axion potential and 
writing jl = ^/Mpi, the formula for the number of e- 
foldings, N , is given by 
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The combination of parameters that maximizes the num- 
ber of cfolds of inflation N is given by 



5^/A ~ /i*/3 [maximization condition]. 



(13) 



Assuming this, we can find a simple expression for the 
maximum number of efoldings 



(3/5)A, 



(14) 



where the numerical prefactor comes from integrating the 
combination of sine and cosine functions over x S [0,7r]. 
Hence we can see that A ~ 100 is necessary to get 0(60) 
efoldings of inflation. 

The kinetic energy of the axion is never important in 
this model and the kinetic energy of the gauge field is 
negligible, and so the slow roll parameters are given by 
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where we have used that H is dominated by the axion 
potential; and 
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Equation (jisp implies that, during successful slow roll, 
the second term must be C(e^). This happens when we 
pick parameters that can achieve enough inflation. Al- 
though the slow roll parameters do not come into our cal- 
culations directly, it's worth noting that we have e cx 1/A 
when the maximization condition is met. And when 
the gauge VEV is fixed to its minimum value {if)' — 0), 
,7 = 0(6). 

Hence, the classical evolution of the system undergo- 
ing slow roll is, to an excellent approximation, described 
by the axion rolling along its effective potential and the 
gauge VEV ^ sitting at its dynamically enforced min- 
imum, Eqn. d?]). Moreover, fluctuations of the gauge 
field about the minimum have mass m.^ ~ V^H, from 
which it appears that they may play only a limited role 
in the adiabatic perturbations of the model. With this in 
mind, we can get a rough estimate for the amplitude and 
tilt of the power spectrum of adiabatic perturbations by 



assuming that the curvature perturbation is dominated 
by quantum fluctuations of the axion on its effective po- 
tential. The amplitude of the perturbations can then be 
estimated by considering the perturbation in the efolding 
number 



(16) 



where we have neglected the contributions of fluctuations 
of the gauge flelds as discussed above. That is, for a sim- 
ple estimate we can consider the axion's evolution along 
its effective potential to set the clock for the time evolu- 
tion of the system. Hence, to a flrst approximation the 
power spectrum of curvature fluctuations will be given 
by 



(17) 



Under the same set of assumptions, the tilt of the scalar 
spectrum, rig, is given by 
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One can verify that the COBE normalization can be 
matched along with a red spectral index with « 0.96 
at 50 efolds before inflation ends with the parameter 
choices {/z, /, 5, A} = {3.16 x 10"^, 0.01, 2.0 x 10-^ 200.}. 
Let us stress that these are merely naive estimates of the 
fluctuations. Nonetheless, they indicate that the model 
is potentially viable. 

We expect that the spectrum of tensor fluctuations in 
this model will be dominated by the usual vacuum fluc- 
tuations of the metric, so we can assume that its ampli- 
tude is set by the inflationary energy scale. While spin-2 
excitations of the gauge fleld configuration may also con- 
tribute to the gravitational wave spectrum, we anticipate 
that they will be sub-dominant jl2l |. This then implies 
that, in the absence of non-adiabatic evolution of the sys- 
tem, super-Planckian axion decay constants are a neces- 
sary condition in order to yield observable gravitational 
waves. This is a simple consequence of the Lyth bound 
[l3| . In this model, inflation ends very near a particular 
point on the potential, namely X/ f it. As the axion 
decay constant / is decreased, the distance the field rolls 
in field space is correspondingly smaller by the same frac- 
tion. This means the field must roll more slowly in order 
that sufficient infiation is generated. The position of the 
field on the effective potential measures the time before 
inflation ends in this model, as is usual in models of infla- 
tion with a single effective adiabatic degree of freedom, 
and the curvature perturbation is the fluctuation of this 
time due to the quantum fluctuations in the metric and 
flelds. Since the field is rolling more slowly, the size of the 
quantum fiuctuations must also be smaller in order that 
the ratio in Eqn. (IT7|) satisfy the COBE normalization. 
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For the parameters chosen above, r ^ 10~^, which is 
far below the range probed by current or planned future 
experiments. 



DISCUSSION AND CONCLUSIONS 

We have described a new model for inflation driven by 
an axion. In our model, the novel ingredient is a collec- 
tion of non-Abelian gauge fields that have an isotropic 
vacuum expectation value as their initial state. We iden- 
tify the global SU(2) gauge symmetry with rotations in 
space, thus protecting the isotropy of the gauge VEV 
with its SU(2) gauge symmetry. The gauge VEV, in turn, 
replaces Hubble friction as the mechanism by which the 
axion's speed of rolling down its potential is slowed. The 
equations that govern the gauge VEV have a dynamical 
minimum. When the VEV settles into this minimum, 
the resulting effective action for the axion has a very flat 
potential. The flatness of this effective potential implies 
that the adiabatic perturbations of this model will be 
compatible with observations. At the level of the effec- 
tive potentials, fluctuations orthogonal to the adiabatic 
trajectory have masses of order the Hubble scale, which 
suggests that we can estimate the amplitude and tilt of 
the scalar fluctuations by assuming that quantum fluc- 
tuations of the position of the axion on its effective po- 
tential (the clock in our model) dominate the curvature 
perturbation. Fluctuations off this trajectory will decay 
outside the horizon, and are thus expected to contribute 
negligibly. Obtaining sufficient inflation while matching 
the observed amplitude and tilt of the perturbations pro- 
vides three constraints on combinations of the four pa- 
rameters of this model leaving one degree of freedom. 
Isocurvature and statistics beyond the power spectrum - 
such as the bispectrum - may provide unique signatures 
of the mechanism and further bound the allowed region 
of parameter space. We caution, however, that we have 
made mere estimations of the perturbations in this the- 
ory. In practice, a full analysis of the six extra degrees 
of freedom relative to the standard inflationary scenario 
is necessary to measure the health of this theory rela- 
tive to current data. This is greatly complicated by the 
addition of the gauge flelds, which mix with the axion 
at tree level and must satisfy a non-Abelian version of 
Gauss' law. We will provide a complete account of the 
perturbations in a future publication [14 1 . 
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